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Abstract. In this paper, we establish some integral inequalities for functions 
whose second derivatives in absolute value are (a,m) — convex. 



1. INTRODUCTION 



The following inequality is well known in the literature as the Hermite-Hadamard 
integral inequality: 



where / :ICt->Risa convex function on the interval / of real numbers and 
a, b 6 / with a < b. 

In [2J, V.G. Mihe§an introduced the class of (a, m)— convex functions as the 
following: 

The function / : [0,6] — >• K is said to be (a, m)— convex, where (a,m) £ [0,1] 2 , 
if for every x,y £ [0, b] and t £ [0, 1] we have 



Note that for (a, m) £ {(0, 0) , (a, 0) , (1, 0) , (1, m) , (1, 1) , (a, 1)} one obtains the 
following classes of functions: increasing, a— starshaped, starshaped, m— convex, 
convex and a— convex. 

Denote by K^(b) the set of all (a, m)— convex functions on [0, 6] which /(0) < 0. 
For recent results and generalizations concerning m— convex and (a, m) — convex 
functions see [3], [4] and [7]. 

In pQ, M. Emin Ozdemir, Merve Avci and Erhan Set used the following lemma 
in order to establish some inequalities for m— convex functions. 

Lemma 1. Let / : J C R — > R be a twice differ entiable mapping on I°,a,b £ I 
with a < b and f" £ L[a, b]. Then the following equality holds: 



f 




f(a) + f(b) 



2 



f(tx + m(l - t)y) < t a f{x) + m(l - t a )f{y). 



/ f{x)dx = / i (1 — t) / (ta + {1 - t)b)dt. 

2 b-a J a 2 ,/ 



In the same paper [I], Ozdemir et al. discussed the following new results con- 
necting with m— convex functions: 
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Theorem 1. Let f : 1° 



i, where 1° C [0,oo) be a twice differentiable function 



on I°,a,b G / with a < b and suppose that f" € L[a,b]. If \ f"\ q i 



is to— convex on 



[a, b] for some fixed q > 1 and m £ (0, 1] then the following inequality holds: 



/(a) + f(b) 



b- 



W< (6 - a)2 ' r(1+p) 



|/»| 9 + to /"(A) 



III b i 



8 \r(l +P ) 



where p = — . 



Corollary 1. With the above assumptions given that \ f"(x)\ < K on [a,b], and 
< to < 1, we have the inequality 



f(a) + f(b) 



1 



b f(x)dx < K^-^ 



l + m\" I T(l+p) 



r(i+p) 



In [6], Sarikaya and Aktan obtained the following result concerning Hermite- 
Hadamard's inequality for functions whose second derivative in absolute value is 
convex as follows: 

Theorem 2. Let I C K fee an open interval, a,b £ I with a < 6 and / : 7 — > K &e 
tojce differentiable mapping such that f" is integrable and < A < 1. 7/ |/"| is a 
convex function on [a, 6], i/ien the following inequalities hold: 



(A-l)/ 

(fc-a) 2 r 



- A 



/(«) + /(&) 



1 



f{x)dx 



< 



(A 4 + (1 + A) (1 - A) 3 + 52-3) | r(a) | /or o < A < I 



+ (A 4 + (2-A)A 3 + i^)|/"( )|], 



(h-a) 2 (3A-l) r I ,„/ 



[|/"(o)| + |/"(6)| ], 
In Theorem [51 if we choose A = 1 we have 



(1.1) 



1 



a 



f{x)dx - 



/(«) + fib) 



< 



12 



/or \ < A < 1. 



The aim of this paper is to establish some inequalities like those given in [T] , but 
now for (a, to)— convex functions. That is, this study is a continuation of [T]. In 
order to obtain our results, we modified Lemma [1] given in the [T]. 

2. INEQUALITIES FOR (a, to) - CONVEX FUNCTIONS 

Lemma 2. Let / : I C 1 - > R be a twice differentiable mapping on 1° where 
a.b G I with a < b and to € (0, 1]. If f" S L[a, 6], £/ien the following equality holds: 

\2 r i 

(t-t 2 ) f"(ta + m(l-t)b)dt. 



/(a) + f(mb) 



1 



mb — a 



^ fi \,i (mb - a)' 
f(x)dx = 



A simple proof of the equality can be done by performing an integration by parts 
in the integrals from the right side and changing the variable. The details are left 
to the interested reader. 
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3 



Theorem 3. Let f : I C [0, b*] — > K be a differentiable mapping on 1° such that 
f" G L[a, b] where a, b € I with a < b, b* > 0. // \ f"\ q is (a,m)— convex on [a,b] 
for (a,m) € [0, l] 2 , g > 1, then the following inequality holds: 



/(a) + f(mb) 



mb — 



nib 



f{x)dx 



< 



(mb-af » 



2 V6 



i/»r 



(a + 2) (a + 3) 



i 



i 



6 (a + 2) (a + 3) 



Proof. Suppose that q = 1. From Lemma [2] and using the (a, m)— convexity of |/"| 
we have 



(2.1) 



< 



< 



f(a) + f(mb) 



1 



(mb — a) 



2 mb — a 

2 „i 



mb 



f(x)dx 



2 




(m6 — 


*2 

a) 


2 




(m6 — 


a) 


2 





2 ,1 



(t-t 2 ) \f"(ta + m(l-t)b)\dt 



(t-t 2 ) [t a \f(a)\+m(l-t a )\f(b)\]dt 



1 



(a + 2) (a + 3) 



+ m|/"(a)| -- 



1 



1 



6 (a + 2) (a + 3) 



which completes the proof for q = 1. 

Suppose now that g > 1. From Lemma[5]and using the Holder's integral inequal- 
ity for q > 1, we have 



(i-i 2 ) |/"(ia + m(l-t)6)|<ft 

(t-t 2 ) 1- ' (t-t 2 )* \f"{ta + m(l-t)b)\dt 



(2.2) 



< 



(t - t 2 ) dt 



(t-t 2 ) |/"(ta + m(l -t)b)\ q dt 



where - + - = 1. 

Since |/"| 9 is (a, m)— convex on [a, 6] we know that for every t e [0, 1] 



(2.3) 



\f"(ta + m(l - t)6)|" < t Q I/" (a)| 9 + m(l - t Q ) |/"(6)| 9 



M. EMIN OZDEMIR v , MERVE AVCI V '* AND HAVVA KAVURMACP 



From (ECTl-fliOl) we have 



f(a) + f(mb) 1 



tnb 



f(x)dx 



< 



< 



(mb — a) z 



mb — a „ , 



(mb — a) 



(t - t 2 ) dt 
(t - t 2 ) dt 



(t-t 2 ) \f"(ta + m(l-t)b)\ q dt 



(t-t 2 ) [t a \f"(a)\ q + m(l-t a )\f"(b)\ q ] dt 



(mb — a) f 1 
6 



i/»r 



1 



(a + 2) (a + 3) 



1 



6 (a + 2) (a + 3) 



which is the required. 



□ 



Remark 1. J/ m Theorem^ we choose m = a = q = 1, we obtain 



f(a) + fib) 1 



f(x)dx 



< { ^-[\f"(a)\ + \f"(b)\] 



which is the inequality in 



Theorem 4. With the assumptions of Theorem^ the following inequality holds: 



f(a) + f(mb) 1 



mb — a 



i lib 



f(x)dx 



< 



(mb~a) 2 ( r(l+p) 



8 \T(I+ P ) 



\f"(a)\ q ^-+m\f"(b)\ q 



a + 1 



a + 1 
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Proof. From Lemma [2] and using the Holder's integral inequality, we obtain 
f(a) + f(mb) 1 



< 



< 



< 



(mb — a) 



2 mb — a 

2 „1 



f{x)dx 



2 




(m6 — 


a) 


2 




{mb — 


a) 


2 




(m6 — 


a) 



i(l-t) |/"(fa + m(l-i)6)|dt 

2 / r l 







2 / .1 



(t-t 2 Ydt 



2 V r (i+^) 

(mb-af (V?)j / r(l+p) V 

2 2^ \r(§ + P ); 

and since < 2, we have 

/(a) + /(m&) 1 



\f"(ta + m(l -t)b)\ q dt 
[t<*\f"(a)\ q + m(l-n\f"(b)\' ! dl 
' +m\f(b)\ q 
m\f"(b)\ q 



a + 1 
1 



a + 1 



a + 1 



a + 1 



2 m6 — a 

i 

\2 



f{x)dx 



< 



(mb-aY T(l+p)\ p ( q 1 



8 \T(I +P ) 
= 1. 



i/»r— r+mi/"(&)r 

a + 1 



a + 1 



where - + - 
p q 

We note that, the Beta and Gamma function (see [5]), 
P(x,y) = J t*- 1 (I - ty 1 dt, .(•.//:-(). n.r) = / (-'r'-'dl. .,-;■{). 
are used to evaluate the integral 



(t-t 2 ) 1 dt= I t p (l-i) p d< = /3(p+l,p+l) 



where 



1 r(x)rfw) 

/9(x, x) = 2 1 ~ 2a: /3(-, a;) and P(x,y) — — r-, thus we can obtain that 

2 F(x + y) 

P<p + l,p+l) = 2^^P{\, P+ 1) = 2 i-W) r ^b+ 1 ) , 

2 r(§+p) 



and r (4) = y^, which completes the proof. 



□ 



Remark 2. Suppose that all the assumptions of Theorem^are satisfied with \f"\ < 
K. If we choose m = a = 1, we /iai>e i/ie inequality in Corollary^ 

Theorem 5. Let f : I C [0, b*] — > K fee a differ entiable mapping on 1° such that 
f" € L[a,6] where a,b £ I with a < b, b* > 0. // |/"| 9 is (a, m)— convex on [a,b] 
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for (a, m) G [0, l] 2 , q > 1, ^ + | = 1, then the following inequality holds: 



f(a) + f(mb) 1 



mb — a 



m b 



f(x)dx 



< 



(mb — a) 



■ ( /"('Mf''. >(,. ].,,+ ]) + ,„ ./"(o)r'(^--/3(a + l )9 +l) 



Proof. From Lemma [2] and using the well known Holder's integral inequality we 
have 



< 



< 



< 



f(a) + f(mb) 1 



(mb — a) 



2 mb — a 

2 r i 



mb 



f(x)dx 



2 




(mb — 


a) 


2 




(mb — 


a) 


2 






l 


<l 


(1 






(mb — 


a) 


2 



t(l-t)\f"(ta + m(l-t)b)\dt 



n 



t p cftj ij (l-t) q \f"(ta + m(l-t)b)\ q dt 



2 / „1 



x / (1 - tf [t a \f"(a)\ q + m (1 - n |/"(&)H dt 



( \f"(a)\ q f3(a + l,q+l)+m\f"(b)\ q 



9 + 1 



-/3(a + l,g + l) 



Since ^ < (^^FlJ < I7 we obtain 
f(a) + f(mb) 1 



m& — a 



f(x)dx 



(mb — a) z 



■ - — [ \f"(a)\ q p (a + 1, q + 1) + m |/" ( — - /3 (a + 1, q + 1) 



□ 



Theorem 6. Let f : I C [0, b*] — > M. be a differentiate mapping on 1° such that 
f" G L[a, b] where a,b G I with a < b, b* > 0. // is (a,m)— convex on [a,b] 
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for (a, to) £ [0, l] 2 , and for some fixed q > 1, iften £fte following inequality holds: 
/(a) + /(mb) 1 



m6 



f{x)dx 



< 



(mb — a) 2 f 1 x 1 



x ( ( |/»r/3(a + 2, g + l) + TO|/"(&)| 9 



1 



(<?+l)(g + 2) 



/3(a + 2,q+ 1) 



Proof. From Lemma [5] and using the well-known power-mean integral inequality 
we have 



f{a) + f(mb) 



1 



ib — a 



f{x)dx 



2 ,1 



< 



< 



< 



t(l-t) \ f"(ta + m(l-t)b)\dt 

t(l-t) q \f"(ta + m(l-t)b)\ 9 dt 
t (1 - tf [t a \f"(a)\ q + to (1 - t a ) \f"(b)\ q ] dt 



tdt 



l x i 
tdt 



[mb — a) 



(mb — a)' 



(mb — a) 4 



(mb — a) f 1 
2 



x (l\f"(a)\ 9 i3(a + 2,q+l) + m\f(b)\ 9 
which completes the proof. 



(«+!)(« + 2) 



/3(a + 2,« + i; 



□ 
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